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Mechanics of Solids: Temperature changes

THERMAL STRESSES & STRAINS
We have for the strains from energetic considerations (three dimensional case):

Setting                                  the above relations are written explicitly:
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Mechanics of Solids: Temperature changes
THERMAL STRESSES & STRAINS

In plane stress we have with
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Mechanics of Solids: Temperature changes

THERMAL STRAIN & STRESSES
Plane Strain
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Insert           in the expressions for   11, 22ε ε

The stress components are obtained by inverting
the above relations
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Mechanics of Solids: Temperature changes

BIHARMONIC EQUATION (PLANE STRESS) 
Introduce the strains
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And combine it with the equilibrium 
equations with no body forces
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Compatibility in terms of stresses

in the compatibility equation

Use the definitions
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Mechanics of Solids: Mechanics of Solids: Temperature changes

BIHARMONIC EQUATION WITH TEMPERATURE

Valid for plane stress or plane strain 
problems if the body forces are neglected.
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BIHARMONIC EQUATION IN CYLINDRICAL COORDINATES
(only r dependence)



Mechanics of Solids: Temperature changes-cylindrical coordinates

STRESS-STRAIN RELATIONS (PLANE STRESS)
(we need only replace                                    
in the corresponding relations on Cartesian 
coordinates)
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Mechanics of Solids: Temperature changes

STRESS-STRAIN RELATIONS (PLANE STRAIN)
(we need only replace                                    

in the corresponding relations on Cartesian 
Coordinates)
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Thermal Stresses: Long Cylinder 
with fixed ends (plane strain)

For plane strain
and

Introduce
into the deformation 
expressions to obtain

zzσ



Mechanics of Solids: Theory of Elasticity; Eqs in cylindrical coordinates
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Cylinder with free ends (plane stress)

RECALL OF THE SOLUTION METHOD

( )1 0rd rud
dr r dr

  =  
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Recall the equations

The problem is reduced to 
one equation with one unknown
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THERMAL STRESSES IN DISKS
(STATE OF PLANE STRESS)
EXAMPLES
• ANNULAR FINS
• TURBINE DISKS
The Temperature varies radially 

Stress-strain relations

( )T r
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b

Invert them to obtain 
strain-stress relations
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INTRODUCE THE RESULTING EXPRESSIONS IN
EQUILIBRIUM EQUATION

TO OBTAIN:

(EQUILIBRIUM IN TERMS OF RADIAL DISPLACEMENT)
(one equation with one unknown) 

(THE TEMPERATURE FIELD IS GIVEN)
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THERMAL STRESSES IN DISKS
(STATE OF PLANE STRESS)
EXAMPLES
• ANNULAR FINS
• TURBINE DISKS
The Temperature varies radially ( )T r



Mechanics of Solids: Temperature changes

THERMAL STRESSES IN DISKS
EXAMPLES
• ANNULAR FINS
• TURBINE DISKS
The Temperature varies radially ( )T r
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SOLVE THE ORDINARY DIFFERENTIAL EQUATION
OBTAINED EARLIER

ir

er IS REWRITTEN AS

INTEGRATE TWICE TO OBTAIN THE SOLUTION

Homogeneous solution

Particular 
solution



Mechanics of Solids: Temperature changes

THERMAL STRESSES IN DISKS
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ANNULAR DISKS

TWO BOUNDARY CONDITIONS:
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Mechanics of Solids: Temperature changes

THERMAL STRESSES IN DISKS
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SOLID DISKS

BOUNDARY CONDITIONS (TWO CONDITIONS)
1: TO HAVE A FINITE STRESS AT THE ORIGIN

2:  
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Mechanics of Solids: Temperature changes

STRESS-STRAIN RELATIONS (PLANE STRAIN)
(we need only replace                                    

in the corresponding relations on Cartesian 
Coordinates)

2 3, , , ,→1x x x r θ z
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Thermal Stresses: Long Cylinder 
with fixed ends (plane strain)

For plane strain
and

Introduce
into the deformation 
expressions to obtain
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Mechanics of Solids: Theory of Elasticity; Eqs in cylindrical coordinates

;    r r
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du u
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φ α  = −  − 

Thermal Stresses: Long Cylinder 
with fixed ends (plane strain)

Equation of Equilibrium 

Stain-Displacement Relations

Define the stress function      such that:

The equations of equilibrium are satisfied with these stresses.
Introduce these stresses in the stress-strain relations

And the resulting strains in the compatibility equation
with
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Compatibility Relation
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( )T T r∆ →

The problem can be solved by introducing a stress function:
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1 ( ) 2 ( )
1

d d r E dT r
dr r dr v dr

φ α  = −  − 

Thermal Stresses Long Cylinder 
with fixed ends (plane strain)

Integrate the equation

2 0C =
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αφ = − + +
− ∫

SOLID CYLINDER:
Boundary conditions
1.               for finite stresses at the origin

2. zero stresses at 0
e

rr r r
σ

=
=

Use the result 
to obtain stresses
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e

r

zz
e

Eασ T r rdr T r rdr
v r r

Eασ T r T r rdr T r rdr
v r r

Eα vσ T r rdr T r
v r

 
= − 

−   
 

= − + + 
−   

 
= − 

−   

∫ ∫

∫ ∫

∫

   

θθ

1 2
0

2 1 ( )
1

er

e

EαC T r rdr
v r

=
− ∫

( ) ( );rr
r d rσ σ

r dr
= =    θθ
φ φ



Mechanics of Solids: Theory of Elasticity; Eqs in cylindrical coordinates

1 ( ) 2 ( )
1

d d r E dT r
dr r dr v dr

φ α  = −  − 

Thermal Stresses Long Cylinder 
with fixed ends (plane strain)

Integrate the equation
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dσ σ

r drθθ
φ φ
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HOLLOW CYLINDER:
Boundary conditions

zero stresses at 0
i e

rr rrr r r r
σ σ

= =
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Use the result 
to obtain stresses
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e
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i
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Stress Components

Only one equation of equilibrium

Strain-displacement relations:

;    RRσ σ σθθ ϕϕ=

2 ( ) 0RR
RR

σ σ σ
R R θθ

∂
+ − =

∂

;     R R
RR

u u
R Rθθ ϕϕε ε ε∂

= = =
∂

THERMAL STRESSES IN SPHERES
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Stress-Strain Relations
THERMAL STRESSES IN SPHERES

(1 )
(1 )(1 2 ) (1 2 )

(1 )
(1 )(1 2 ) (1 2 )

RR RR

RR

E Eσ v ε vε vε α T
v v v

E Eσ v ε vε vε α T
v v v

θθ ϕϕ

θθ θθ ϕϕ

 = − + + − ∆ + − −

 = − + + − ∆ + − −

Replace the strains with

;     R R
RR

u u
R Rθθ ϕϕε ε ε∂

= = =
∂

Introduce the results in equilibrium eq.

One equation with one unknown

( )2
2

1 1 ( )
1R

d d v dT RR u
dR R dR v dR

α+  =  − 
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Solution of this equation is

THERMAL STRESSES IN SPHERES

( )2
2

1 1 ( )
1R

d d v dT RR u
dR R dR v dR

α+  =  − 

2 2
12 2

1 ( )
1

i

R

R
r

Cvu T R R dR C R
v R R
α+

= + +
− ∫

In a solid sphere
In a hollow sphere      is the internal radius  

0ir =
ir

ir

R
er

1x

2x
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THERMAL STRESSES IN SPHERES

;     R R
RR

u u
R Rθθ ϕϕε ε ε∂

= = =
∂

2 2
12 2

1 ( )
1

i

R

R
r

Cvu T R R dR C R
v R R
α+

= + +
− ∫

With the solution for the displacement

we calculate the strains

From the stress-strain relation, 
we calculate the stresses

( )

( )

2
1 23 3

2
1 23 3

2 1 2( )
1 1 2 1

2 1 2 ( )( )
1 1 2 1 1

i

i

R

RR
r

R

r

Eα E Eσ T R R dR C C
v R v v R

Eα E E EαT Rσ T R R dR C C
v R v v R vθθ

 
= − + − 

− − +  
 

= + + − 
− − + −  

∫

∫
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THERMAL STRESSES IN SPHERES

Solid Sphere

( )

( )

2
1 23 3

2
1 23 3

2 1 2( )
1 1 2 1

2 1 2 ( )( )
1 1 2 1 1

i

i

R
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r
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 
= − + − 
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∫

2 0C⇒ =

0
e
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=
=

2
1 3

0

2 (1 2 ) 1 ( )
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erα vC T R R dR
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−

⇒ =
− ∫

2 2
3 3

0 0

2 2
3 3

0 0

2 1 1( ) ( )
1

1 1( ) ( ) ( )
1

e e

e e

r r

RR
e

r r

e

Eασ T R R dR T R R dR
v r R

Eασ T R R dR T R R dR T R
v r Rθθ

 
= − 

−   
 

= + − 
−   

∫ ∫

∫ ∫

Boundary Conditions
1. The stresses must be finite at the origin

2. Free external surface 
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THERMAL STRESSES IN SPHERES

Hollow Sphere

( )

( )

2
1 23 3

2
1 23 3

2 1 2( )
1 1 2 1

2 1 2 ( )( )
1 1 2 1 1

i

i

R

RR
r

R
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v R v v R

Eα E E EαT Rσ T R R dR C C
v R v v R vθθ

 
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∫

∫
0

i e
RR RRR r R r
σ σ

= =
= =

Boundary Conditions
Two conditions

1 2
3

2 1 2
3 3

2 1 0
1 2 1

22 1 1( ) 0
1 1 2 1

e

i

i
r

e er

EC EC
v v r

EC ECEα T R R dR
v r v v r

− =
− +

− + − =
− − +∫

Solve the system for the two constants
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THERMAL STRESSES IN SPHERES

Hollow Sphere

( )

( )

2
1 23 3

2
1 23 3

2 1 2( )
1 1 2 1

2 1 2 ( )( )
1 1 2 1 1

i

i

R

RR
r

R

r

Eα E Eσ T R R dR C C
v R v v R

Eα E E EαT Rσ T R R dR C C
v R v v R vθθ

 
= − + − 

− − +  
 

= + + − 
− − + −  

∫

∫

3 3
2 2

3 3 3 3

3 3
2 2

3 3 3 3

2 1 1( ) ( )
1 ( )

22 1 1 ( )( ) ( )
1 2( ) 2 2

e e

i i

e e

i i

r r
i

RR
e i r r

r r
i

e i r r

R rEασ T R R dR T R R dR
v r r R R

R rEα T Rσ T R R dR T R R dR
v r r R Rθθ

 −
= − 

− −  
 +

= + − 
− −  

∫ ∫

∫ ∫
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THERMAL STRESSES IN CYLINDERS AND SPHERES

When the temperature at the inner and outer surfaces are given we need to solve the 
Fourier’s Law for heat conduction in order to obtain the temperature distribution as a function of the 
radial coordinate. 

This temperature distribution is inserted into the corresponding equations to obtain the resulting 
thermal stresses.
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